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SUMMARY. We suggest a new measure of the proportion of the variation of possibly censored survival times 
explained by a given proportional hazards model. The proposed measure, termed V, shares several favorable 
properties with an earlier V1 but also improves the handling of censoring. The statistic contrasts distance 
measures between individual 1/0 survival processes and fitted survival curves with and without covariate 
information. These distance measures, D, and D ,  respectively, are themselves informative as summaries of 
absolute rather than relative predictive accuracy. We recommend graphical comparisons of survival curves 
for prognostic index groups to improve the understanding of obtained values for V ,  D,, and D. Their use 
and interpretation is exemplified for a Yorkshire lung cancer study on survival. From this and an overview 
for several well-known clinical data sets, we show that the likely amount of relative or absolute predictive 
accuracy is often low even if there are highly significant and relatively strong prognostic factors. 
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1. Introduction 
The objective of many medical survival studies is to identify 
prognostic factors that can be used to guide clinical man- 
agement of patients. Usually the results of statistical analyses 
are summarized in the form of a table of covariates, estimated 
effects, confidence intervals, and/or significance levels. For ex- 
ample, Table 1 illustrates results of a Cox (1972) regression 
analysis of a typical study of survival from diagnoses of 272 
lung cancer patients. These data are considered in more de- 
tail in Section 5, but for now, we note that the relative haz- 
ard associated with several covariates seems to be both large 
and highly statistically significant. Given this table, it is easy 
therefore to be drawn toward the conclusion that covariate in- 
formation should yield substantial improvements in prognos- 
tic assessment. This is not necessarily the case, however (Korn 
and Simon, 1990), and indeed, for this study, Muers, Shevlin, 
and Brown (1996) found model-based predictions to be impre- 
cise for all but the highest risk patients. Furthermore, predic- 
tive accuracy for individual patients should be distinguished 
from the accuracy of survival function estimates. These can 
be very precise in large samples, but even so, if the true sur- 
vival distribution has high dispersion, there will still be high 
variability between patients. 

In normal linear regression analysis, summaries like Table 
1 are almost invariably supplemented by the proportion of 
explained variation, R2. If this is small, the predictive value 
of even highly significant covariates i s  immediately seen to 

be low, which helps prevent overinterpretation. Consequently, 
there have been a number of attempts to develop measures 
akin to R2 for Cox proportional hazards models (e.g., Kent 
and O’Quigley, 1988; Korn and Simon, 1990; Schemper, 1990; 
and others, reviewed by Schemper and Stare, 1996), though 
as yet, none has been generally accepted. In this article, there- 
fore, we propose new measures of both absolute and relative 
predictive accuracy based on differences between observed 
survival processes and fitted survival curves. The measures 
to be introduced in the next section possess some favorable 
properties (cf., Graf and Schumacher, 1995; Henderson, 1995) 
of the V1 and V2 statistics proposed by Schemper (1990), such 
as invariance to monotonic transformations of the time scale 
(a property of Cox regression), relative ease of calculation, and 
explicit comparison of observed (whenever available) and fit- 
ted outcomes, leading to robustness against incorrectly spec- 
ified models. The main advantages of the new measures are 
correction for a weakness in the handling of censoring (Graf 
and Schumacher, 1995) and direct estimation of well-defined 
population quantities. 

When the effect of censorship is considered, we distinguish 
between censorship that prevents regions of the time axis be- 
ing observable no matter what the sample size and random 
censorship, which simply reduces the efficiency of estimators. 
An example of the former is type I censoring, in which there 
is a predefined follow-up time that applies to all individuals 
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Table 1 
Yorkshire lung cancer study: data and standard analysis results 

Estimated marginal and 
Factors Range and interpretation of values partial relative hazarda 

log(subjective prediction) OG4.09 (log of months) 0.46**** 0.51**** 

Sex 0 = male, 1 = female (20%) 0.57** 0.55*** 
Activity score 0--4 (low is ‘good’) 1.47* ** * 1.17 
Anorexia 0 = absent, 1 = present (45%) 1.83**** 1.23 
Hoarseness 0 = absent, 1 = present (11%) 2.30**** 1.73** 

Age 38-72 1.01 1.01 

Metastases 0 = absent, 1 = present (10%) 1.42 1.09 

a *, pvalue 5 0.05; **, p 5 0.01; ***, p 5 0.001; ****, p 5 0.0001 

under study. Since explained variation in survival can be con- 
sidered as a function that varies with time (Graf and Schu- 
macher, 1995), it follows that any overall summary measure 
can, and should, be affected by choice of maximum follow-up 
or by specification of the time range of interest. However, sat- 
isfactory measures should not be affected asymptotically by 
random censorship before maximum follow-up or within the 
time range of interest, which is the criticism of Vl and Vz. 

In Section 2, we define population measures of both abso- 
lute and relative predictive accuracy based on weighted aver- 
ages of marginal and conditional (given covariates) variances 
of survival status at any time. In Section 3, we propose es- 
timators of these values and illustrate results numerically in 
Section 4. We return to the lung cancer survival study in 
Section 5 and close the paper with a brief discussion in Sec- 
tion 6. 

2. Absolute and Relative Measures of 

Let S( t )  denote the marginal survival function of a lifetime 
variable T and let S(t  I X )  be the corresponding conditional 
survival function given covariates X so that S( t )  = Ex{S(t I 
X)}. Let f ( t )  and f(t I X )  be the associated densities. 

Now consider the true, though possibly unobserved, sur- 
vival status (one for alive and zero for dead) of a randomly 
selected subject at some time t. This is a binary variable 
with marginal and conditional variances S(t){l - S(t)} and 
S( t  I X){1 - S(t I X)}, respectively, and with correspond- 
ing mean absolute deviation measures 2S(t){l - S ( t ) }  and 
2S(t I X){1 - S( t  I X)}, respectively. Hence, if we are inter- 
ested in status at t only, a comparison within either of the 
previous pairs of terms would indicate the amount of uncer- 
tainty that is explained by the covariate. Clearly, in practice, 
we are usually interested in survival over the full follow-up 
range (0, T ) ,  and hence it is natural to average over t with re- 
spect to some weight function. Usually regions of high density 
are of most interest, and so our suggested overall measures of 
marginal and conditional predictive accuracy are 

Predictive Accuracy 

D ( T )  = 2 lT S( t ) { l  - S(t)}f(t)dt/ IT f ( W t  
0 

and 
‘ P7 

respectively. We have kept the factor two, as we suggest the 
interpretation as mean absolute distance between true sur- 
vival status and survival probability may be more intuitive 
than that of averaged variances. Obviously, if variance mea- 
sures are preferred, then the factor can be removed. 

A simple substitution 2~ = S ( t )  allows the numerator of 
D ( T )  to be evaluated, giving 

D(T) = (1 - 3s2(T) + 2S3(~)}/[3{1 - s(T)}] 
No such simplification is possible for D,(T) in general. 

Usually we compare marginal and conditional predictive 
accuracy, D ( T )  and D,(T), respectively, in order to quantify 
gains due to covariates. Thus, we might consider the absolute 
difference D ( T )  - & ( T )  or the ratio D,(T) /D(T) .  In this ar- 
ticle, we focus more on relative gains or, equivalently, on the 
proportion of variation explained by covariates, i.e., 

V ( T )  = {D(T)  - D . ( T ) } / ~ ( T ) .  

As an alternative, we might construct a relative measure at 
each t before taking a weighted average, leading to 

Of the four terms D ( T ) ,  D,(T), V ( T ) ,  and VW(T) defined 
above, only D ( T )  has a closed-form expression, as seen. If a 
Cox proportional hazards model S(t I X )  = So(t)exP(PX) is 
assumed, however, then the integral of D,(T) can be com- 
puted (see Appendix Al)  to give 

J 

where the expectation is with respect to covariates X ,  Y of 
two randomly selected subjects. Note that this expression 
depends on the baseline survival function at the maximum 
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Figure 1. The effect of the maximum follow-up time T on 
D(- - -), Dx(- - -), V(-), and Vw(- - -), with a single 
covariate (exp(-P) = 16). 

follow-up time T only. From this, we can obtain a closed- 
form expression for V ( T ) ,  though not for VW(T),  for which 
numerical methods are required to obtain population values. 

Figure 1 illustrates how D ( T ) ,  D,(T), V ( T ) ,  and VW(T) 
are affected by changes in the maximum follow-up time T .  We 
assume a single covariate X having U(0, 3lI2) distribution and 
so standard deviation 112, select exponential survival with 
baseline mean one, and take /3 = - log(R) for relative hazard 
R = 16. The measures are plotted against the fraction 1-S(T) 
of the population expected to  die within the follow-up period. 
All measures are sensitive to maximum follow-up time and, at 
first, increase with T (and with ~ - S ( T ) )  but are stable or have 
some slight fall-off at very high values. The measure V ( T )  is 
consistently higher than VW(T) at this and other values of R. 
For instance, if follow-up is unlimited, V(m) becomes 0.050, 
0.163, 0.387, and 0.537 at R = 2, 4, 16, and 64, respectively, 
whereas VW (m) has corresponding values 0.044, 0.141, 0.333, 
and 0.467, respectively. 

3. Estimation of Measures 
In the previous section, we considered explained variation 
from a population viewpoint. In practice, sample data have 
to be used to provide estimates of D ( T ) ,  D,(T), V ( T ) ,  and 
Vw/ ( T ) ,  and there is the added complication of possible ran- 
dom censorship, meaning that the true survival status of some 
individuals may not be known at T .  Now consistent estimators 
are presented. 

Let ti ,  vi, and z, denote observation time, censoring indi- 
cator (one for censored, zero for death), and covariate vec- 
tor, respectively, for individual i (1 5 i 5 n). Assume there 
are m distinct survival times in the sample, at times t ( J )  
(1 5 j 5 m) ,  and with dJ deaths at t ( J ) .  

From now on, we drop, for notational simplicity, the argu- 
ment T in the estimates of D,  D,, V ,  and VW and assume 
that the maximum observed t ( J )  agrees with the time range 
of interest, T .  If some survival times exceed T ,  they should 
be artificially censored at T .  Furthermore, 7 cannot be chosen 
such that the maximum observed t ( J )  is lower. 

Then predictive accuracy can be defined as the difference 
between individual survival processes S, ( t )  and fitted survival 
functions with or without covariates, S(t  I z,) or S(t) ,  be- 
tween times zero and T .  The St(t)'s assume values of one if 
individual z is alive at t ,  assume values of zero at the moment 
of death or if death has occurred, and are undefined if response 
time is censored before t. Also, Sz( t )  = 1 - N,(t) ,  where N, is 
the usual counting process associated with individual a. 

More formally, we define at each distinct death time t(,) a 
mean absolute distance measure between the S, ( t )  processes 
and S( t )  as 

where I ( . )  is the indicator function. The first term in a(t(J)) 
applies to individuals alive at t(?) and the second to those that 
have definitely died before or at t ( J ) .  The last term is effec- 
tive only for individuals who are censored before or at t( and 
amounts to an extrapolation, assuming that these individuals 
are subject to identical risks of death as those with known 
survival status at t ( J ) .  This is the assumption of noninforma- 
tive censoring required by standard survival methods. In the 
last term, therefore, individuals are allocated to alive or dead 
categories according to the corresponding conditional proba- 
bility estimates at their censoring times t ,  i.e., S ( t ( J ) ) / S ( t t )  
and 1 - S ( t ( J ) ) / S ( t z ) ,  respectively. 

An estimator h;i(tcJ) 1 z) is defined similarly to &f(t(J)) but 
with S(t( , ) )  replaced by S(t(J!  I z,) and S($) by S(& I z t ) .  
Consistency of the estimators is outlined in Appendix A2 for 
the more general situation that k(.) can be obtained for any 
t ,  not only for t ( J ) .  

To obtain overall estimators of predictive accuracy with 
(6,) and without covariates (fi), we form weighted averages 
of estimators h;i(tc3,) and h;i(t(.) I z) over death times, with 
weights designed to compensate the attenuation in observed 
death due to earlier censorship, as 

?)  

J 

and 

j 

with w = C j  G( t ( j ) ) - ' d j  and G denoting the Kaplan-Meier 
estimator of the censoring or potential follow-up distribution 
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(cf., Schemper and Smith, 1996), estimated like S( t )  but with 
the meaning of the censoring indicator 7 reversed. 

Estimators of relative gains in predictive accuracy can now 
be defined as 

v = ( D  - D,)/D 

and 
m 

vw = w-l CG ( t ( j ) ) - l  d j  
j=1 

We prefer V over VW because the former is more directly 
related to the measures of absolute predictive accuracy, D 
and D,. 

In order to show similarities and differences between V and 
the earlier V1 and V2 measures (Schemper, 1990), we now 
review their definitions, i.e., 

and 

with 

a i 

and 

2 3 

where La (the number of summands of the inner sums) is the 
number of failures for 772 = 0 (dead) and the number of failures 
that occurred prior to the censoring of Sa(t)  for qa = 1. The 
terms D2 and D Z , ~  are defined as D1 and Dl,, but with the 
summands of the outer sums squared to get closer numerical 
agreement with the R2 of the general linear model. For V1 and 

V2, the primary (outer) units of summation are individuals, 
while they are response times for V. This is more consistent 
with the character of Cox regression, permits censoring to 
be taken ipto account in a clearer way using the weighting 
functions G(t) ,  and allows estimation of population quantities 
that do not involve random censoring before T .  

4. A Monte Carlo Study 
In order to demonstrate some empirical properties of the pre- 
sented measures of relative predictive accuracy, a Monte Carlo 
study was performed. Data sets of n = 500 and n = 200 ob- 
servations were generated with a single uniformly (U(0,3l/*)) 
distributed covariate X and exponentially distributed sur- 
vival times with hazards exp(-XP) and P set to 0, log2, 
log4, log 16, and log 64. This results in relative hazards of 
R = exp(-P) = 1, 2, 4, 16, and 64. For each we considered 
two types of censoring: type I censoring at r as a result of 
constant follow-up of r time units for all individuals and ad- 
ministrative censoring between 0 and T ,  which results from 
uniformly distributed follow-up when individuals enter a clin- 
ical trial at a constant rate over an interval from 0 to T .  In 
either case, data are analyzed at time T .  

Results are presented in Table 2 with values of T selected to 
give 0, 50, and 90% censoring under administrative censoring. 
Corresponding censoring percentages under type I censoring 
are lower, as shown in Table 2. The purpose of producing re- 
sults under both types of censoring for V is to distinguish the 
effect of changing T from that of random censoring between 0 
and r.  

From Table 2 ,  we learn the following: 

(1) The expectation of V remains unaffected by additional 
random censoring before r.  Furthermore, there is no 
visible bias of V in finite samples. 

(2) The variability of V is of an acceptable magnitude and 
is seen to depend on n, %c, and R. 

(3) The measure Vw shares all empirical properties with 
V, but with increasing R, Vw increases slower than V. 

Table 2 
Estimated relative predictive accuracy according to  various measures f r o m  generated data setsa 

Type I censoring a,t r Administrative censoring U(O,T) 

Population n = 500 n = 200 n = 500 
- 

R T %c v Vw 1' Vw %C V std(V) V std(V) Vw V1 V2 

2 0 5 4 5 4 0 5 2 5 1 4 5 9 
2.89 22 5 4 5 4 50 5 2 5 2 4 4 6 
0.36 81 1 1 2 1 90 3 3 2 2 1 1 1 

- 

~ 14 16 14 0 16 3 16 2 14 16 26 
5.16 25 16 14 16 14 50 17 4 16 3 14 15 20 
0.58 81 5 4 5 4 90 6 5 6 3 5 4 6 

16.8 33 39 33 39 33 50 38 5 39 3 33 40 52 
16 12 90 20 8 18 6 14 14 17 

0 54 47 53 46 0 53 3 54 2 46 54 75 
55.2 37 54 47 54 47 50 54 4 54 3 47 57 71 

90 28 9 28 6 22 23 29 

4 0 16 

- 16 0 39 33 39 33 0 39 3 39 2 33 39 58 

1.12 82 16 12 
- 64 

1.84 83 27 20 26 21 

R, relative hazard (= exp(-,O)); T ,  upper limit of the follow-up distribution; %c, percentage censored as a consequence of T and the 
type of censoring. The values of the V-type measures are given as percentages a.nd are based 011 100 simulated data  sets each. 
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Figure 2. 
of the Yorkshire lung cancer study. 

Survival functions for five risk groups of patients 

(4) Values of the earlier V1 are similar to those of V, while 
those of V2 are larger. 

( 5 )  All V-type measures are affected by the choice of T ,  the 
maximum follow-up time or maximum time of medi- 
cal interest. This property is natural since predictive 
accuracy or explained variation in survival can be con- 
sidered as a function that varies with time (see also 
Graf and Schumacher, 1995). 

5. Predictive Accuracy in a Study of Lung Cancer 
We now return to the Yorkshire lung cancer study (Muers et 
al., 1996) referred to in Section 1. It is a study of n = 272 
patients with survival as an endpoint (17% censoring) and 
seven prognostic factors. They are described in Table 1 to- 
gether with results from a standard analysis by Cox regres- 
sion. The subjective prediction for survival was obtained from 
the consulting physician at diagnosis. Whether this should be 
treated as a fixed covariate is discussed by Henderson (1996), 
though this is not directly relevant to the current work. No 
interactions, time dependencies, or nonlinear effects of con- 
tinuous factors were observed. Now we address the question 
of the extent to which the partly strong and significant prog- 
nostic factors of the study translate into accurate prediction 
for individual patients or, similarly, how much the knowledge 
of these factors increases predictive accuracy. 

A preliminary and intuitive judgment of the predictive ca- 
pacity of a fitted Cox regression model is achievable by plots 
of survival functions for prognostic index groups. In Figure 2, 
fitted survival functions are given for five groups of patients 
defined by the quintiles of the distribution of predictor values, 
i.e., the prognostic index. In such a plot, predictive strength is 
indicated by the degree to which estimated survival functions 
lie apart or, more precisely, by whether each of them exhibits 

a steep descent at a different time period, leading to good sep- 
arability of survival times between groups. Furthermore, only 
survival functions that drop from one to zero within a short 
time indicate high predictive accuracy in an absolute sense. 
This is not the case in Figure 2, and therefore our example 
does not point to a model of high predictive capacity in spite 
of reasonable separation of the curves. 

We now quantify absolute and relative predictive accuracy 
numerically by the measures suggested previously. The mean 
absolute deviation between observed survival processes and 
estimated survival curves in the time range 0-24 months, 
D = 0.36, is reduced to Dz = 0.29 when information on 
prognostic factors is used. In absolute terms, the gains of us- 
ing such information are D - D, = 0.07 or D z / D  = 0.81, 
while they are 0.20 in terms of V, the relative gain in pre- 
dictive accuracy. As V ranges between zero and one (per- 
fect predictability), we recognize the low predictive accuracy 
and explained variation in agreement with the graphical re- 
sults. Poor predictive accuracy and explained variation are 
not atypical for clinical studies of survival. Often, prognostic 
factors can only explain a small fraction of the variation be- 
tween individuals. Table 3 gives estimated values of D ,  D,, 
and V for several well-known data sets from books on survival 
methods. 

If in a fitted model the number of prognostic factors, q, is 
relatively large compared to the number of uncensored sur- 
vival times, estimates of D, and V may be inflated. In such 
situations, D, and V should be obtained from conditional 
survival functions based on shrunken estimates of the q pa- 
rameters p, i.e., 98, where + = (modelx’ - q)/modelX2 (cf., 
Van Houwelingen and Le Cessie, 1990; Harrell, Lee, and Mark, 
1996). For the Yorkshire lung cancer study model x2 = 108 
and q = 7 lead to + = 0.935, which leaves Dz and V almost 
unaffected. 

6. Concluding Remarks 
Results from a standard analysis of survival data do not per- 
mit any conclusions on the degree to which the outcome for 
an individual patient is determined by the knowledge of prog- 
nostic factors. For this purpose, we have suggested measures 
of predictive accuracy and of gains in predictive accuracy that 
can also be considered as tools to quantify medical knowledge 
(and its growth) on the course of a disease. These measures 
are intended to provide additional summary information to 
complement the usual, and valuable, inspection of fitted sur- 
vival curves for different prognostic groups. 

An alternative approach to quantify the degree of deter- 
mination of individual outcomes on prognostic factors is by 
means of the correlation of survival times and predictor values 
(cf., Harrell et al., 1984; Korn and Simon, 1990; Schemper and 
Kaider, 1997). While such measures provide an alternative to 
V, corresponding absolute measures of predictive accuracy in 
the presence of censoring are unknown. 

The measures have been defined for assumed underlying 
populations censored only beyond a defined time range of 
medical interest. Given that this time range is adequately cov- 
ered by a sample, censoring within this range does not affect 
the measures’ expectations asymptotically. 

The presented measures are close in spirit to Cox regression 
in that they are invariant to monotonic transformations of 
time, as are the parameters of Cox’s model; their components 

. . . .  
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Table 3 
Absolute and relative predictive accuracy by D ,  D,, and V for various clinical studies 

Clinical studies D Dz D - D ,  V 

Yorkshire lung cancer (Muers et al., 1996)a 0.36 0.29 0.07 0.20 
VA lung cancer (Kalbfleisch and Prentice, 1980)b 0.33 0.25 0.08 0.24 
VA prostate cancer (Andrews and Herzberg, 1985)‘ 0.37 0.32 0.05 0.14 
Multiple myeloma (Harris and Albert, 1991)d 0.33 0.28 0.05 0.14 
Primary biliary cirrhosis (Fleming and Harrington, 1991)‘ 0.37 0.21 0.16 0.43 

a n  = 272, 17% censored, model x2 = 108, d.f. = 7 (log(subjective prediction), age, sex, activity 

n = 137, 17% censored, model x2 = 61, d.f. = 6 (treatment, age, 3 x histology, Karnofsky index). 
‘ n  = 483, 29% censored, model x 2  = 120, d.f. = 11 (treatment, age, weight index, performance 

“ n  = 65, 26% censored, model x2 = 17.4, d.f. = 5 (log(b1ood urea nitrogen), hemoglobin, serum 

e n  = 312, 60% censored, model x2 = 190, d.f. = 5 (log(bilirubin), log(prothrombin), edema, albumin, 

score, anorexia, hoarseness, metastases). 

rating, serum hemoglobin, primary lesion, stage/grade, cardiovascular disease, three interactions). 

calcium, sex, age). 

age) 

are obtained at uncensored survival times and not for each 
individual; and, finally, their message is restricted to a time 
range of medical interest, adequately covered by a sample. 
Also, interpretation of the parameters of Cox’s model is im- 
plicitly limited to such a time range. In spite of the intended 
agreement with Cox regression, the measures are easily ap- 
plied to other models that can produce conditional estimates 
of survival functions. Finally, the simple measurement scale 
used makes the measures easily interpretable. 

For routine application, SAS and Fortran programs are 
available on request. 
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RESUMB 
Nous suggkrons une nouvelle mesure de la proportion de vari- 
ation de temps de survie pouvant &re censurks, expliquks 
par nn modde h risques proportionnels. On retrouve, pour 
cette mesure appelke V, plusieurs propriktks intkressantes (cf. 
Henderson, 1995, Statistics in Medicine 14, 161-184) d’une 
mesure V ,  prealablement proposke (Schemper, 1990, Biome- 
trika 77, 216-218), et de plus on amkliore la prise en compte 
de la censure. La statistique contraste les mesures de distance 
entre les processus binaires de survie individuels, et entre les 
courbes de survie ajustkes avec ou sans l’information de co- 
variables. Ces mesures de distances, D,  et D ,  respectivement, 
sont elles-m6mes informatives comme rksumks de la prkcision, 
absolue plut6t que prkdictive, de prkdiction. Nous recomman- 
dons des comparaisons graphiques des courbes de survie pour 
l’ktude du pronostic par groupe pour enrichir l’interprktation 
des valeurs obtenues de V, D, et D. Leur utilisation et leur 
interprktation est mise en valeur par une Ctude de survie sur 
le cancer du poumon dans le Yorkshire. En utilisant celle- 
ci et une revue de plusieurs ensembles de donnkes bien con- 
nues, nous montrons que la prkcision de prediction relative 
ou absolue est souvent faible m6me en presence de factenrs 
de pronostic trks significatifs. 
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APPENDIX 

A l .  D,(T)  Under the Cox Model 
We have 

To illustrate the method, we will consider the first term, 
n 

1 
n 
- C I ( t i  > t){l - S( t ) } .  

i=l 

Since S(.) is consistent for the marginal survival function S( t ) ,  
by the laws of large numbers, the above converges with sample 
size to (1 - S ( t ) } E { I ( T  > t ) } ,  where the expectation is with 
respect to T ,  the observation time for a randomly selected 
individual. In turn, E { I ( T  > t ) }  = S ( t ) G ( t ) ,  where G(.) is 
the survival function for censoring time. So 

Similarly, 

n 

Assume a Cox model S ( t  1 X )  = So(t)exp(PX) applies and lim - 1 C ~ i ~ ( t i  5 t ) { l  - S ( t ) ) -  S( t )  
n-w n S( t i )  note that we can write i=l 

= S ( t ) { l  - S( t ) } { l  - G ( t ) }  

and 
for Y selected randomly from the covariate population. Mak- 

gration and expectation, and evaluating the integral yields 

n 
1 

n+m n 
ing a substitution u = So(t) ,  interchanging the order of inte- lim - C b i l ( t i  2 t )S ( t )  

i=l 
t 

= S( t ) { l  - S ( t ) }  - S( t )  / f(u)G(u)du. 
0 

Adding these four expressions, we see that Ak(t) is consistent 
for 2 S ( t ) ( l  - S( t ) ) .  From this, it is similarly straightforward 
to show that 

By definition, is consistent for D ( T )  as defined in Section 2, while 

G(t) = 5 [I( t i  > t ) { l  - S ( t ) }  
2=1 L j 3 




